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Hairy black holes in theories with
massive gravitons
Mikhail S. Volkov
Abstract This is a brief survey of the known black hole solutions in the
theories of ghost-free bigravity and massive gravity. Various black holes exist
in these theories, in particular those supporting a massive graviton hair.
However, it seems that solutions which could be astrophysically relevant are
the same as in General Relativity, or very close to them. Therefore, the no-
hair conjecture essentially applies, and so it would be hard to detect the
graviton mass by observing black holes.
1 Black holes and the no-hair conjecture
More than 40 year ago J.A. Wheeler summarized the progress in the area of
black hole physics at the time by his famous phrase: black holes have no hair
[1]. More precisely, this means that
• All stationary black holes are completely characterized by their mass, an-
gular momentum, and electric charge measurable from infinity.
• Black holes cannot support hair = external fields distributed close to the
horizon but not seen from infinity.
Therefore, according to the ho-hair conjecture, the only allowed characteris-
tics of stationary black holes are those associated with the Gauss law. The
logic behind this is the following. Black holes are formed in the gravitational
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collapse, which is so violent a process that it breaks all the usual conservation
laws not related to the exact symmetries. For example, the chemical content,
the baryon number, etc. are not conserved during the collapse – the black
hole ‘swallows’ all the memory of them. Everything that can be absorbed by
the black hole gets absorbed. Only few exact local symmetries, such as the
local Lorentz or local U(1), can survive the gravitational collapse. Associated
to them conserved quantities – the mass, angular momentum, and electric
charge – cannot be absorbed by the black hole and remain attached to it as
parameters. They give rise to the Gaussian fluxes that can be measured at
infinity.
The no-hair conjecture essentially implies that the only asymptotically
flat black holes in Nature should be those described by the Kerr-Newman
solutions. And indeed, a number of the uniqueness theorems [2, 3, 4] confirm
that all stationary and asymptotically flat electrovacuum black holes with a
non-degenerate horizon should belong to the Kerr-Newman family.
The electrovacuum uniqueness theorems do not directly apply to systems
with matter fields other than the electromagnetic field. The field equations
for such systems read schematically
Gµν = 8piGTµν(Ψ), ✷Ψ = V (Ψ), (1)
where Ψ denotes the matter field, or several interacting matter fields. One can
wonder if these equations admit asymptotically flat black hole solutions with
the curvature bounded everywhere outside the black hole horizon. According
to the no-hair conjecture, the answer should be negative, but to prove this
requires considering each matter type separately. In view of this, a number
of the no-hair theorems have been proven to confirm the absence of static
black hole solutions of Eqs.(1) in the cases where Ψ denotes scalar, spinor,
etc. fields [5, 6, 7, 8, 9, 10]. The common feature in all these cases is that if
Ψ does not vanish, then the field equations require that it should diverge at
the black hole horizon, where the curvature diverges too. Therefore, to get
regular black holes one is bound to set Ψ = 0, but then the solution is a
vacuum black hole belonging to the Kerr-Newman family1. All this confirms
the non-existence of hairy black holes.
The first explicit evidence against the no-hair conjecture was found 20
years after its formulation, in the context of the Einstein-Yang-Mills theory
with gauge group SU(2). This theory contains all the electrovacuum solutions,
hence all Kerr-Newman black holes [13], because the electromagnetic U(1)
gauge group is contained in SU(2). However, it also admits static black holes
supporting a non-trivial Yang-Mills field which asymptotically decays as 1/r3,
so that the corresponding Gaussian flux is zero [14, 15]. Close to the horizon
the geometry deviates from the Schwarzschild one, but the deviations rapidly
1 It has recently been shown that these arguments can be circumvented for fine-tuned
black hole mass and angular momentum [11]. This allows one to construct spinning hairy
black holes which do not admit a static limit [12].
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decay with distance and cannot be seen from infinity. Therefore, such black
holes support a hair.
Subsequent developments have revealed that the Einstein-Yang-Mills black
holes can be generalized to include scalar fields, as for example a Higgs field,
which leads to a variety of new solutions describing hairy black holes [16].
In particular, it turns out that regular gravitating solitons, as for example
gravitating magnetic monopoles or gravitating Skyrmions, can be generalized
to contain inside a small black hole. This gives rise to black holes with a
‘solitonic hair’. However, when the black hole size exceeds a certain critical
value, the black hole ‘swallows the soliton’ and ‘looses its hair’, becoming a
Kerr-Newman black hole [16].
Yet more hairy black holes can be obtained in models inspired by string
theory and including a dilaton [17], the curvature corrections and so on [16].
Adding a cosmological term, positive or negative, gives asymptotically (anti)-
de Sitter hairy black holes [18]. Summarizing, one can say that hairy black
holes arise generically in physical models. However, large hairy black holes
are typically unstable and loose the hair when perturbed, whereas the stable
ones are typically very small [16]. As a result, despite a large number of
solutions describing hairy black holes in various systems, it seems that the
no-hair conjecture essentially holds for the astrophysical black holes, all of
which should be of the Kerr-Newman type.
In what follows we shall be considering black holes in theories with massive
gravitons – the ghost-free bigravity and massive gravity. Some of these black
holes are of the known Kerr-Newman(-de Sitter) type, but there are also black
holes supporting a massive graviton hair. However, the hairy black holes turn
out to be either asymptotically anti-de Sitter (AdS), or cosmologically large,
which contradicts the observations. Therefore, the astrophysical black holes
should be described by the Kerr-Newman(-de Sitter) metrics, possibly with
small corrections in the near-horizon region, so that the no-hair conjecture
essentially holds.
2 Theories with massive gravitons
The idea that gravitons could have a tiny mass was proposed long ago [19],
but it attracted a particular interest after the recent discovery of the spe-
cial massive gravity theory by de Rham, Gabadadze, and Tolley (dRGT)
[20] (see [21],[22] for a review). Before this discovery it had been known that
the massive gravity theory generically had six propagating degrees of free-
dom (Dof). Five of them could be associated with the polarizations of the
massive graviton, while the sixth one, usually called Boulware-Deser (BD)
ghost, is unphysical, because it has a negative kinetic energy and renders
the whole theory unstable [23]. The specialty of the dRGT theory is that
it contains two Hamiltonian constraints which eliminate one of the six Dof
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[24],[25],[26],[27],[28]. Therefore, there remain just the right number of Dof to
describe massive gravitons and so the theory is referred to as ghost-free. This
does not mean that all solutions are stable in this theory, since there could be
other instabilities, which should be checked in each particular case. However,
since the most dangerous BD ghost instability is absent, the theory of [20]
and its bigravity generalization [29] can be considered as healthy physical
models for interpreting the observational data.
These theories can be used to explain the current cosmic acceleration
[30, 31]. This acceleration could be accounted for by introducing a cosmo-
logical term in Einstein equations, however, this would pose the problem of
explaining the origin and value of this term. An alternative possibility is to
consider modifications of General Relativity (GR), and theories with mas-
sive gravitons are natural candidates for this, since the graviton mass can
effectively manifest itself as a small cosmological term [32].
Theories with massive gravitons are described by two metrics, gµν and
fµν . In massive gravity theories the f-metric is non-dynamical and is usually
chosen to be flat, although other choices are also possible, while the dynamical
g-metric describes massive gravitons. In bigravity theories [29] both metrics
are dynamical and describe together two gravitons, one massive and one
massless. The theory contains two gravitational couplings, κg and κf , and
in the κf → 0 limit the f-metric decouples and can be chosen to be flat.
Therefore, the bigravity theory is more general, while the massive gravity
theory can be viewed as its special case.
All known bigravity black holes were obtained in Ref.[33] (see also [34]),
with the exception of special solutions discovered in Ref.[35]. These black
holes can be divided into three types. First, there are solutions for which the
two metrics are proportional, fµν = C
2gµν with a constant C, where gµν
fulfills the Einstein equations with a cosmological term Λ(C) ∝ m2. If C = 1
then Λ = 0 and one obtains all solutions of the vacuum GR, in particular
the vacuum black holes. For other values of C one has Λ(C) 6= 0, which gives
rise to black holes with a cosmological term. None of these solutions fulfill
equations of the massive gravity theory with a flat f.
Secondly, imposing spherical symmetry, there are black holes described
by two metrics which are not simultaneously diagonal. They formally de-
couple one from the other and each of them fulfills its own set of Einstein
equations with its own cosmological term. The g-metric is Schwarzschild-de
Sitter, whereas the f-metric can be chosen to be AdS, with Λf ∼ κ2f , and it
becomes flat when κf → 0, in which limit the dRGT massive gravity is nat-
urally recovered. Therefore, these solutions exist both in the bigravity and
dRGT massive gravity theories. In the latter case they exhaust all known
black hole solutions.
Solutions of the third type are obtained when the two metrics are both
diagonal but not proportional. One obtains in this case more complex solu-
tions describing static black holes with a massive graviton hair, which can be
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either asymptotically AdS [33], or asymptotically flat [35], although in the
latter case their size should be comparable with the Hubble radius.
A more detailed description of the currently known bigravity and massive
gravity black holes is given below.
3 Ghost-free bigravity
The theory of the ghost-free bigravity [29] is defined on a four-dimensional
spacetime manifold equipped with two metrics, gµν and fµν , which describe
two interacting gravitons, one massive and one massless. The kinetic term for
each metric is chosen to be of the standard Einstein-Hilbert form, while the
interaction between them is described by a local potential U [g, f ] which does
not contain derivatives and is expressed by a scalar function of the tensor
γµν =
√
gµαfαν . (2)
Here gµν is the inverse of gµν and the square root is understood in the matrix
sense, i.e.
(γ2)µν ≡ γµαγαν = gµαfαν . (3)
The action is (with the metric signature −+++)
S[g, f ] =
1
2κ2g
∫
d4x
√−g R(g) + 1
2κ2f
∫
d4x
√
−f R(f)
− m
2
κ2
∫
d4x
√−g U [g, f ] , (4)
where R and R are the Ricci scalars for gµν and fµν , respectively, κ2g = 8piG
and κ2f = 8piG are the corresponding gravitational couplings, while κ2 =
κ2g+κ
2
f and m is the graviton mass. The interaction between the two metrics
is given by
U =
4∑
k=0
bk Uk(γ), (5)
where bk are parameters, while Uk(γ) are defined by the relations
U0(γ) = 1, U1(γ) =
∑
A
λA = [γ],
U2(γ) =
∑
A<B
λAλB =
1
2!
([γ]2 − [γ2]),
U3(γ) =
∑
A<B<C
λAλBλC =
1
3!
([γ]3 − 3[γ][γ2] + 2[γ3]),
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U4(γ) = λ0λ1λ2λ3 = 1
4!
([γ]4 − 6[γ]2[γ2] + 8[γ][γ3] + 3[γ2]2 − 6[γ4]) . (6)
Here λA (A = 0, 1, 2, 3) are the eigenvalues of γ
µ
ν , and, using the hat to
denote matrices, one has defined [γ] = tr(γˆ) ≡ γµµ, [γk] = tr(γˆk) ≡ (γk)µµ.
The (real) parameters bk could be arbitrary, however, if one requires flat
space to be a solution of the theory, and m to be the Fierz-Pauli mass of the
graviton [19], then the five bk’s are expressed in terms of two free parameters
c3, c4 as follows:
b0 = 4c3 + c4 − 6, b1 = 3− 3c3 − c4, b2 = 2c3 + c4 − 1,
b3 = −(c3 + c4), b4 = c4. (7)
The theory (4) propagates 7=5+2 Dof corresponding to the polarizations of
two gravitons, one massive and one massless. Before this theory was discov-
ered [29], more general bigravity models, sometimes called f-g theories, had
been considered [36]. In these models the potential U is a scalar function of
Hµν = δ
µ
ν − gµαfαν of the form
U = 1
8
(HµνH
ν
µ − (Hµµ)2) + . . . , (8)
where the dots denote all possible higher order scalars made of Hµν . A par-
ticular choice of these terms leads to (5). The generic f-g theories propagate
7+1 Dof, the additional one being the BD ghost [23].
Introducing the mixing angle η such that κg = κ cos η, κf = κ sin η and
varying the action (4) gives the field equations
Gµν = m
2 cos2 η T µν , (9)
Gµν = m2 sin2 η T µν , (10)
where Gµν and Gµν are the Einstein tensors for gµν and fµν . The graviton
energy-momentum tensors obtained by varying the interaction U are
T µν = τ
µ
ν − U δµν , T µν = −
√−g√−f τ
µ
ν , (11)
where
τµν = {b1 U0 + b2 U1 + b3 U2 + b4 U3}γµν
− {b2 U0 + b3 U1 + b4 U2}(γ2)µν
+ {b3 U0 + b4 U1}(γ3)µν
− b4 U0 (γ4)µν , (12)
with Uk ≡ Uk(γ). The Bianchi identities for (9) and (10) imply that
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(g)
∇µT µν = 0,
(f)
∇µ T µν = 0, (13)
where
(g)
∇ and
(f)
∇ are the covariant derivatives with respect to gµν and fµν .
In fact, the latter of these conditions is not independent and follows from the
former one in view of the diffeomorphism invariance of the interaction term.
If η → 0 and sin2 η T µν → 0, then equations (10) for the f-metric decouple
and their solution enters the g-equations (9) as a fixed reference metric. The
g-equations describe in this case a massive gravity theory. If f becomes flat
for η → 0, then one recovers the dRGT theory [20]. Therefore, the massive
gravity theory is contained in the bigravity.
4 Proportional backgrounds
The simplest solutions of the bigravity equations are obtained by assuming
the two metrics to be proportional [33],[37],
fµν = C
2gµν . (14)
The energy-momentum tensors (11) then become
T µν = −Λg(C)δµν , T µν = −Λf(C)δµν , (15)
with
Λg(C) = m
2 cos2 η
(
b0 + 3b1 C + 3b2 C
2 + b3C
3
)
,
Λf(C) = m
2 sin
2 η
C3
(
b1 + 3b2C + 3b3C
2 + b4C
3
)
. (16)
Since the energy-momentum tensors should be conserved, it follows that C
is a constant. As a result, one obtains two sets of Einstein equations,
Gνµ + Λg(C)δ
ν
µ = 0 , Gνµ + Λf (C)δνµ = 0 . (17)
Since one has Gνµ = Gνµ/C2, it follows that Λf = Λg/C2, which gives an
algebraic equation for C. If the parameters bk are chosen according to Eq.(7),
then this equation reads
0 = (C − 1)[(c3 + c4)C3 + (3 − 5c3 + (χ− 2)c4)C2
+((4 − 3χ)c3 + (1− 2χ)c4 − 6)C + (3c3 + c4 − 1)χ], (18)
with χ = tan2 η, while the cosmological constant is
Λg
m2 cos2 η
= (1− C)((c3 + c4)C2 + (3− 5c3 − 2c4)C + 4c3 + c4 − 6). (19)
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Depending on values of c3, c4, η, Eq.(18) can have up to four real roots, so that
there can be solutions with four different values of the cosmological constant,
which can be positive, negative, or zero.
One solution of (18) is C = 1, in which case the two metrics coincide,
gµν = fµν , while Λg = 0, so that the vacuum GR is recovered. Therefore, the
black hole solutions obtained in this case are either Kerr, or Kerr-de Sitter,
or Kerr-AdS. None of these solutions admit the massive gravity limit with a
flat f-metric.
5 Solutions with non-bidiagonal metrics
Let us assume both metrics to be invariant under spatial SO(3) rotations.
Since the theory is invariant under diffeomorphisms, one can choose the
spacetime coordinates such that the g-metric is diagonal. However, the f-
metric will in general contain an off-diagonal term, so that the two metrics
can be parameterized as
ds2g = −N2dt2 +
dr2
∆2
+R2dΩ2 ,
ds2f = −
(
aNdt+
c
∆
dr
)2
+
(
cNdt− b
∆
dr
)2
+ u2R2dΩ2 , (20)
with dΩ2 = dϑ2 + sin2 ϑdϕ2 . The amplitudes N,∆,R depend on r, while
a, b, c, u can in general depend on t, r. It is straightforward to check that the
matrix square root is
γµν =
√
gµαfαν =


a c/(∆N) 0 0
−c∆N b 0 0
0 0 u 0
0 0 0 u

 , (21)
whose eigenvalues are
λ0,1 =
1
2
(
a+ b±
√
(a− b)2 − 4c2
)
, λ2 = λ3 = u. (22)
Inserting this to (6) gives
U1 = a+ b+ 2u, U2 = u(u+ 2a+ 2b) + ab+ c2 ,
U3 = u (au+ bu+ 2ab+ 2c2), U4 = u2(ab+ c2). (23)
Although the eigenvalues (22) can be complex-valued, the Uk’s are always
real. It is straightforward to compute the energy-momentum tensors T µν and
T µν defined by Eqs.(11),(12). In particular, one finds
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T 0r =
c
∆N
[b1 + 2b2u+ b3u
2]. (24)
Since the g-metric is static, there is no radial energy flux, and so T 0r should
be zero. Therefore, either c should vanish, or the expression in brackets in
(24) vanishes. The former option will be considered in the next Section, while
presently let us assume that c 6= 0 and
b1 + 2b2u+ b3u
2 = 0. (25)
This yields
u =
1
b3
(
−b2 ±
√
b22 − b1b3
)
. (26)
Notice that u was a priori a function of t, r, but now it is restricted to be a
constant. Using this, one finds that T 00 = T
r
r = −λg and T 00 = T rr = −λf
where
λg = b0 + 2b1u+ b2u
2, λf =
b2 + 2b3u+ b4u
2
u2
. (27)
The conditions
(g)
∇ρ T ρλ = 0 reduce in this case to the requirement that
T 00 − T ϑϑ should vanish. On the other hand, one finds
T 00 − T ϑϑ = (b2 + b3u)[(u− a)(u− b) + c2], (28)
and since this has to vanish, either the first or the second factor on the right
should be zero. Let us assume that one of these conditions is fulfilled. Then
one has T 00 = T
ϑ
ϑ and T 00 = T ϑϑ, hence both energy-momentum tensors are
proportional to the unit tensor, T µν = −λgδµν and T µν = −λfδµν . The field
equations (9) then reduce to
Gρλ + Λgδ
ρ
λ = 0 , (29)
Gρλ + Λfδρλ = 0 , (30)
where
Λg = m
2 cos2 η λg, Λf = m
2 sin2 η λf . (31)
As a result, the two metrics decouple one from the other, and the graviton
mass gives rise to the two cosmological terms. If the parameters bk are chosen
according to (7), then λg+u
2λf = −(u−1)2, therefore, if Λg > 0 then Λf < 0.
Since we want the g-metric to describe a black hole geometry, the solution
of (29) is the Schwarzschild-de Sitter metric. On the other hand, as the cos-
mological term for the f-metric is negative, the solution of (30) can be chosen
to be AdS. Therefore,
ds2g = −Σ(r) dt2 +
dr2
Σ(r)
+ r2dΩ2 , Σ(r) = 1− 2M
r
− Λg
3
r2,
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ds2f = −D(U) dT 2 +
dU2
D(U) + U
2dΩ2 , D(U) = 1− Λf
3
U2, (32)
with U = ur. It is worth noting that, since Λf ∼ sin2 η → 0 when η → 0, the
f-metric becomes flat in this limit. Therefore, the solutions apply both in the
bigravity theory and in the dRGT massive gravity.
5.1 Imposing the consistency condition
The solution (32) is not yet complete, since the two metrics are expressed in
two different coordinate systems, t, r and T, U , whose relation to each other is
not known. One has U = ur but the function T (t, r) is still undetermined. We
therefore remember that up to now we have not considered the consistency
condition, which requires that the expression in (28) should vanish. This
condition will be fulfilled in either of the following two cases:
I: (b2 + b3u) = 0; (33)
II: (u − a)(u− b) + c2 = 0. (34)
In case I, since u is already expressed in terms of b1, b2, b3 by Eq.(26), the
condition (33) imposes a constraint on values of these parameters. Therefore,
this condition is possible only for the special subclass of the theory charac-
terized by the restricted values of bk. Within this subclass the consistency
condition is fulfilled without specifying T (t, r). Therefore, the function T (t, r)
in (32) remains arbitrary, which can probably be traced to a some kind of
hidden gauge invariance.
In case II no restrictions on the coefficients bk arise, so that this case is
generic. The coefficients a, b, c can be obtained by comparing the line element
ds2f in (20) with that in (32), which gives
a2 − c2 = DT˙
2
Σ
, b2 − c2 = Σ
(
u2
D −DT
′2
)
, c(a+ b) = DT˙ T ′ . (35)
Resolving these relations with respect to a, b, c and inserting the result to
(34) yields the equation,
D
Σ
T˙ 2 + ΣD
Σ −D T
′2 = 1 , (36)
with T = uT . A simple solution can be obtained by separating the variables,
T = t+
∫
dr
Σ
−
∫
dr
D ≡ t+ r
∗
Σ − r∗D . (37)
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One can think that this solution is singular, since the tortoise coordinate
r∗Σ diverges at the black hole and cosmological horizons, where Σ vanishes.
However, introducing the light-like coordinate
V = t+ r∗Σ = T + r∗D , (38)
both metrics can be written in the Eiddington-Finkelstein form
ds2g = −ΣdV 2 + 2dV dr + r2dΩ2 ,
1
u2
ds2f = −DdV 2 + 2dV dr + r2dΩ2 , (39)
from where it is obvious that the solution is regular. This solution is valid for
all values of the parameters bk. All the above solutions have been obtained in
the ghost-free bigravity context in [33] (see also [34]), but in fact solutions of
this type were considered already long ago in the generic f-g bigravity theories
[38, 39, 40]. The generalization for a nonzero electric charge was considered
in [41].
Since the f-metric becomes flat for η → 0, the solutions describe in this
limit black holes in the dRGT massive gravity. In this context they were
studied in Refs.[42, 43] for the special case I, and in Refs.[44, 45] for the
generic case II. These solutions and their generalization for a nonzero electric
charge [42, 43, 46] exhaust all static, spherically symmetric black holes in the
dRGT theory.
6 Hairy black holes, lumps, and stars
Black holes considered in the previous two sections are described by the
known GR metrics. New black holes are obtained in the case where the two
metrics are simultaneously diagonal [33],
ds2g = N
2dt2 − dr
2
∆2
− r2dΩ2, ds2f = A2dt2 −
U ′2
Y 2
dr2 − U2dΩ2 . (40)
Here N,∆, Y, U,A are 5 functions of r which fulfill the equations
G00 = m
2cos2 η T 00 , G
r
r = m
2 cos2 η T rr ,
G00 = m2 sin2 η T 00 , Grr = m2 sin2 η T rr ,
T rr
′ +
N ′
N
(T rr − T 00 ) +
2
r
(T ϑϑ − T rr ) = 0. (41)
The simplest solutions are obtained if fµν = C
2gµν , where gµν fulfills (17)
while C,Λg(C) are defined by (16),(18). Since Λg can be positive, negative, or
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zero, there are the Schwarzschild, Schwarzschild-de Sitter, and Schwarzschild-
AdS black holes. Let us call them background black holes.
More general solutions are obtained by numerically integrating Eqs.(41).
It turns out [33] that the equations for the three amplitudes ∆,Y, U comprise
a closed system. Its local solution near the horizon,
∆2 =
∑
n≥1
an(r − rh)n, Y 2 =
∑
n≥1
bn(r − rh)n, U = urh +
∑
n≥1
cn(r − rh)n,
(42)
contains only one free parameter u=U(rh)/rh, which is the ratio of the hori-
zon radius measured by fµν to that measured by gµν . The horizon is common
for both metrics, in addition, its surface gravities and temperatures deter-
mined with respect to both metrics are the same [47].
Choosing a value of u and integrating numerically the equations from
r = rh towards large r, the result is as follows [33]. If u = C where C is a
root of the algebraic equation (18), then the solution is one of the background
black holes. If u = C + δu then one can expect the solution to be the back-
ground black hole slightly deformed by a massive graviton ‘hair’ localized in
the horizon vicinity. This is indeed confirmed for the Schwarzschild-AdS type
 0.94
 0.95
 0.96
 0.97
 0.98
 0.99
 1
 1.01
 0  1  2  3  4  5  6  7
ln(r/rh)
N/N0
∆/∆0
Y/Y0
A/A0
Fig. 1 Hairy deformations of the Schwarzschild-AdS background, where A0, N0, ∆0, Y0
correspond to the undeformed solution.
solutions (Λg < 0), which can support a short massive hair and show devia-
tions from the pure Schwarzschild-AdS in the horizon vicinity, but far away
from the horizon the deviations tend to zero (see Fig.1). Therefore, there are
asymptotically AdS hairy black holes in the theory.
However, the procedure goes differently for Λg ≥ 0. When one deforms
the Schwarzschild background by setting u = rh+ δu, then the solutions first
stay very close to Schwarzschild. However, at large r they deviate away and
show a completely different asymptotic behavior at infinity, characterized
by a quasi-AdS g-metric and a compact f-metric [33]. Therefore, the only
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Fig. 2 Hairy deformations of the Schwarzschild background.
asymptotically flat black hole one finds is the pure Schwarzschild, while its
hairy deformations loose the asymptotic flatness. Similarly, trying to deform
the Schwarzschild-de Sitter background produces a curvature singularity at
a finite proper distance away from the black hole horizon, hence the only
asymptotically de Sitter black hole is the pure Schwarzschild-de Sitter.
The conclusion is that there are hairy black holes in the theory, but they
are not asymptotically flat. The following argument helps to understand this.
Let us require the solution to be asymptotically flat. Then one should have
at large r
∆ = 1− A sin
2 η
r
+B cos2 η
mr + 1
r
e−mr + . . . ,
U = r +B
m2r2 +mr + 1
m2r2
e−mr + . . . ,
Y = 1− A sin
2 η
r
−B sin2 η 1 +mr
r
e−mr + . . . , (43)
where A,B are integration constants. Suppose that one wants to find black
hole solutions with this asymptotic behavior using the multiple shooting
method. In this method one tries to match the asymptotics (42) and (43)
by integrating the equations starting from the horizon towards large r, and
at the same time starting from infinity towards small r. The two solutions
should match at some intermediate point, which gives three matching con-
ditions for ∆,Y, U . These conditions should be fulfilled by adjusting the free
parameters A,B, u in Eqs.(42),(43). Solutions of this problem may exist at
most for discrete sets of values of A,B, u, hence one cannot vary continuously
the horizon parameter u. Therefore, there could be no continuous, asymp-
totically flat hairy deformations of the Schwarzschild solution. However, this
does not exclude isolated solutions, and in fact they exist, but to find them
requires a good initial guess for A,B, u.
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It is interesting to see what happens to the hairy black holes when one
changes the horizon radius rh. It turns out that in the rh → 0 limit, where the
black hole disappears, its ‘hair’ survives and becomes a static ‘lump’ made of
massive field modes. Such lumps are described by globally regular solutions
for which the event horizon is replaced by a regular center at r = 0, while
at infinity the asymptotic behavior is the same as for the black holes [33].
None of the lumps are asymptotically flat. Neither lumps no hairy black holes
admit the dRGT limit, they exist only in the bigravity theory.
It is worth mentioning in this context that there are asymptotically flat
solutions with a matter [33]. Such solutions describe regular stars, and
for them one can take limits where one of the two metrics becomes flat.
Suppose that the f-sector is empty, while the g-sector contains T
[m]µ
ν =
diag[−ρ(r), P (r), P (r), P (r)] with ρ = ρ⋆θ(r⋆ − r), corresponding to a ‘star’
with a constant density ρ⋆ and a radius r⋆. Adding this source to the field
equations (41) and assuming a regular center at r = 0, one finds solutions
for which both metrics approach Minkowski metric at infinity according to
(43). Introducing the mass functions Mg,Mf via g
rr = ∆2 = 1 − 2Mg(r)/r
and f rr = Y 2/U ′2 = 1 − 2Mf(r)/r, one finds that Mg,Mf rapidly in-
crease inside the star, while outside they approach the same asymptotic
value Mg(∞) = Mf(∞) ∼ sin2 η (see Fig.3). For η = pi/2 the g-metric is
 0
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η= pi/2, Mg
Mf
20xP
Fig. 3 Profiles of the asymptotically flat star solution sourced by a regular matter distri-
bution.
coupled only to the matter and is described by the GR Schwarzschild solu-
tion, Mg(r) = ρ⋆r
3/6 for r < r⋆ and Mg(r) = ρ⋆r
3
⋆/6 ≡ MADM for r > r⋆.
For η < pi/2 the star mass MADM is partially screened by the negative gravi-
ton energy. For η = 0 (dRGT theory) the f-metric becomes flat, so that
Mf = 0, while Mg asymptotically approaches zero and the star mass is to-
tally screened, because the massless graviton decouples and there could be
no 1/r terms in the metric.
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If the graviton mass is very small, then the m2T µν contribution to the
equations is small as compared to T
[m]µ
ν , and for this reason Mg rests ap-
proximately constant for r⋆ < r < rV ∼ (MADM/m2)1/3. This illustrates
the Vainshtein mechanism of recovery of General Relativity in a finite re-
gion [48]. This mechanism has also been confirmed by the numerical analysis
within the generic massive gravity theory with the BD ghost [49, 50], and
also in the dRGT theory [51]. The approximate analytical solutions in the
weak field limit were considered in Refs.[44, 45, 52] within the dRGT theory
and in Ref.[53] within the bigravity theory.
7 Black hole stability and new hairy black holes
As discussed in Section 4, if the two metrics coincide, gµν = fµν , then
the bigravity theory reduces to the vacuum GR, hence one can choose the
Schwarzschild metric as a solution. This solution is known to be linearly sta-
ble in the GR context, but one can wonder if it is stable also within the
bigravity theory. Let us consider small perturbations around this solution,
gµν = g
(0)
µν + δgµν , fµν = g
(0)
µν + δfµν , (44)
where g
(0)
µν is the Schwarzschild metric. If one sets δgµν = δfµν , then the GR
result will be recovered. However, the perturbations of the two metrics need
not be the same in general. Linearizing the bigravity field equations with
respect to the perturbations, it turns out that the linear combinations
hµν = cos η δgµν + sin η δfµν , h
(0)
µν = cos η δfµν − sin η δgµν (45)
decouple from each other and can be identified with the massive and massless
gravitons, respectively. Equations for the massless graviton are the same as
in GR, while for the massive graviton one obtains [54]
(0)
✷ hµν + 2
(0)
Rµανβ h
αβ = m2hµν , (46)
(0)
∇µ hµν = 0, hµµ = 0.
An interesting observation [54] is that these equations have exactly the
same structure as those describing perturbations of the black strings –
Schwarzschild black holes uplifted to five spacetime dimensions. At the same
time, it is known that the black strings are prone to the Gregory-Laflamme
instability [55]. Specifically, setting hµν = e
iωtHµν(r, ϑ, ϕ), it turns out that
Eqs.(46) admit a bound state solution with ω2 < 0 in the spherically-
symmetric sector, provided that [56]
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mrh =
black hole radius
graviton’s Compton length
< 0.86. (47)
It follows that small black holes are unstable, since the frequency ω is imag-
inary and so the perturbations grow in time [54]. The condition of smallness
is not crucial, since all usual black holes are small compared to the Hubble
radius and so fulfill the bound (47), so that all of them should be unstable.
On the other hand, since the frequency |ω| ∝ m, this instability is very mild,
as it needs a Hubble time ∼ 1/m to develop. Therefore, even if real astro-
physical black hole were described by the bigravity theory, their instability
would be largely irrelevant and they would actually be stable for all practical
purposes over a cosmologically long period of time.
A similar instability was found also for the Kerr black holes [56] and for
the Schwarzschild-de Sitter black holes with proportional metrics described in
Section 4 [57]. Interestingly, it was found in the latter case that the instability
disappears in the partially massless limit, where the graviton mass is related
to the cosmological constant as m2 = 2Λ/3 [57].
As discussed in Section 5 above, the Schwarzschild-de Sitter solution in the
bigravity theory can exist also in a different version, for which the two metrics
are not simultaneously diagonal. The linear stability of this solution was
studied with respect to all possible perturbations, but only in the restricted
case (33) [58], and also in the generic case (34), but only with respect to
spherically symmetric perturbations [59]. In both cases the solution was found
to be stable.
Getting back to the unstable Schwarzschild black holes, it turns out that
their instability can be used to find new black holes which support hair and
which are asymptotically flat. As was explained above, asymptotically flat
solutions subject to the boundary conditions (42),(43) may exist, but to find
them requires to fine-tune the parameters A,B, u in (42),(43), for which
an additional information is needed. Now, the existence of the black hole
instability provides such an information [35].
Indeed, Eqs.(46) admit solutions with ω2 < 0 only for mrh < 0.86, while
for mrh > 0.86 all solutions have ω
2 > 0. This means that for mrh ≈ 0.86
there is a zero mode: a static solution of (46) with ω = 0. This zero mode
can be viewed as approximating a new black hole solution which exists for
mrh < 0.86 and which merges with the Schwarzschild solution for mrh ≈
0.86. Close to the merging point the deviations of the new solution from the
Schwarzschild are small and can be described by the linear theory. Therefore,
one can use the linear zero mode to read-off the values of the parameters
A,B, u in (42),(43), after which one can iteratively decrease rh to obtain the
‘fully-fledged’ non-perturbative hairy black holes. This was done in Ref.[35].
The conclusion is that there are asymptotically flat black holes with a
massive hair in the bigravity theory. However, it seems that their parameter
mrh cannot be too small (unless for c3 = −c4 = 2) [35], which means that
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these black holes are cosmologically large, their size being comparable with
the Hubble radius. Such solutions are unlikely to be relevant.
All described above black holes have been obtained in the theory either
without a matter source or in the theory with an electromagnetic field. At the
same time, the perturbative analysis of Ref.[60] predicts that hairy black holes
should generically exist in the massive gravity theory coupled to a matter
with a non-vanishing trace of the energy-momentum tensor. It would be very
interesting to test this prediction by fully non-perturbative calculations.
8 Concluding remarks
Summarizing the above discussion, all possible static, spherically symmet-
ric black holes in the dRGT massive gravity theory are described by the
Schwarzschild-de Sitter metrics. They belong to the type studied in Section 5
and they are probably stable. One may wonder why one does not find asymp-
totically flat black holes. However, our universe is actually in the de Sitter
phase, and the main motivation for considering theories with massive gravi-
tons is to describe this fact. Hence, it is not astonishing that the solutions
are not asymptotically flat.
One finds more solutions in the bigravity theory, as for example the hairy
black holes. However, these seem to be not very relevant, since they are
either asymptotically AdS, which contradicts the observations, or they are too
large. There are also asymptotically flat or asymptotically de Sitter black hole
solutions, but they are unstable. However, they can describe astrophysical
black holes, since the instability takes cosmologically long times to develop.
One can also wonder what these black holes decay to, and one possibility is
that their instability actually implies that there is a slow accretion of massive
graviton modes to the horizon [61]. If this is true, then the black holes should
be almost exactly Kerr (Kerr-de Sitter), apart from small corrections in the
near-horizon region where the accretion takes place.
Some aspects of the graviton mass can be captured within a simplified
description in the context of the Galileon theory [62]. This is essentially the
General Relativity coupled to a self-interacting scalar field that mimics the
scalar polarization mode of the massive graviton. It turns out that black holes
in these theory are described by the GR metrics [63], and a no-hair theorem
can be proven in this case [64].
To recapitulate, even if the gravitons are indeed massive, this would be
hard to detect by observing black holes.
This work was partly supported by the Russian Government Program of
Competitive Growth of the Kazan Federal University.
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